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ON THE SIZE OF THE SET OF UNBOUNDED MULTILINEAR OPERATORS
BETWEEN BANACH SPACES
V.V. FA´VARO, D.M. PELLEGRINO, P. RUEDA
Abstract. Among other results we investigate (α, β)-lineability of the set of non-continuous m-linear
operators defined between normed spaces as a subset of the space of allm-linear operators. We also give
a partial answer to an open problem on the lineability of the set of non absolutely summing operators.
1. Introduction
Given any infinite-dimensional normed space E and any normed space F , it is well-known and easy
to show that there exist linear operators from E to F that fail to be continuous. Let us denote the set
of such discontinuous operators by NL (E;F ) ; it is obvious that it is not a vector space but what can
be said about the size of this set? The word “size” is not precise and in this paper we are interested
in the linear viewpoint: is there any linear structure inside NL (E;F )? This line of investigation is
what we call “lineability”. If V is a vector space and β is a cardinal number, a subset A of V is called
β-lineable in V if A ∪ {0} contains a β-dimensional linear subspace of V . This notion was introduced
in the classical paper [1] by Aron, Gurariy, and Seoane-Sepu´lveda (see also [2]) and since then it has
been successfully investigated in different settings.
All along this paper E,F are normed spaces over the real scalar-field R and the dimension of a
vector space V is denoted by dimV ; also ℵ0 denotes the first infinite cardinal number and c denotes
the continuum. According to [4], if α, β are cardinal numbers and α < β, a subset A of a vector space
V is (α, β)-lineable in V if A is α-lineable in V and for every subspace Wα ⊂ V with Wα ⊂ A ∪ {0}
and dimWα = α, there is a subspace Wβ ⊂ V with dimWβ = β and Wα ⊂Wβ ⊂ A ∪ {0}. Of course,
(0, β)-lineable is the same of β-lineable. This notion is quite more restrictive than the original notion
of lineability and, in general, techniques proving β-lineability are useless to prove (α, β)-lineability.
For instance, in [4] the authors prove that
Lp[0, 1] \
⋃
q>p
Lq[0, 1]
is (1, c)-lineable, and the case of (a, c)-lineability for a > 1 remains open.
We denote by L(mE;F ) the vector space of all m-linear operators from E×· · ·×E to F , L(mE;F )
is the vector subspace of L(mE;F ) of all continuous m-linear operators and NL (mE;F ) is the set of
all noncontinuous m-linear operators from E × · · · × E to F .
The 2dimE-lineability of NL (mE;F ) as a subset of L(mE;F ) was proven in [5] when F = R. In the
present paper we investigate the stronger notion of (α, β)-lineability in this setting, also considering
F 6= R. One of our main results asserts that NL (mE;R) is
(
n, 2dimE
)
-lineable for all positive integers
n. We also investigate vector valued multilinear mappings and prove that when c < dimE < dimF ,
the set NL (mE;F ) is
(
τ, 2dimE
)
-lineable for every τ < dimE. The techniques used along the proof
of the aforementioned result are also used to give a partial answer to a problem posed in [3] on the
lineability of the set of non absolutely summing operators. We prove that, for an infinite-dimensional
Banach space E if the set L (E; ℓ2(Γ)) \ Π1 (E; ℓ2(Γ)) is non-void, then it is (α, card(Γ))-lineable for
all α < card(Γ), whenever card (Γ) > c and dimE < card (Γ). Here Π1 (E; ℓ2(Γ)) denotes the space
of all absolutely summing operators from E to ℓ2(Γ).
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2. Lineability of the set of unbounded multilinear operators
We begin by recalling the following result:
Theorem 2.1. [see ([5])]Let E be an infinite-dimensional normed space. The set NL (mE;R) is
2dimE-lineable.
Let us recall some fundamental results of cardinal arithmetic that will be used several times along
this paper: if 2 ≤ b ≤ 2a, then
b
a = 2a.
It is also worth remembering that the dimension of any infinite-dimensional Banach space is at least
c (this does not depend on the Continuum Hypothesis - see [7]) and a simple consequence is that for
any infinite-dimensional Banach space E we have
(2.1) card(E) = dim(E),
where card(E) denotes the cardinality of the set E. In fact, since dim(E) ≥ c, an immediate calculation
shows (2.1). We finally recall that L (mE;F ) is a Banach space whenever E is a normed space and F
is a Banach space.
Note that if E is infinite-dimensional, then
card (L (mE;F )) = dim (L (mE;F )) = (cardF )dimE .
In fact, since any m-linear operator T is fully defined by its evaluation in the basis of E, we have
card (L (mE;F )) = (cardF )(dimE)
m
= (cardF )dimE ,
and since dimL (mE;R) ≥ c, we have
dimL (mE;R) = card (L (mE;R))
and an immediate consequence is that Theorem 2.1 is sharp in the sense that the dimension 2dimE
cannot be improved, because
dimL (mE;R) = card (L (mE;R)) = (card (R))(dimE)
m
= cdimE = 2dimE ,
where the last equality holds because dimE ≥ c for all Banach spaces. The following result is an
immediate corollary of Theorem 2.1, but since the argument of its proof will be used later, we prefer
to do the details.
Corollary 2.2. Let E be an infinite-dimensional normed space and F be a normed space. The set
NL (mE;F ) is
(
max{2dimE,dimF}
)
-lineable.
Proof. Let {Tα : α ∈ ∆} be a LI subset of NL (
mE;R) with
span{Tα : α ∈ ∆} ⊂ NL (
mE;R) ∪ {0}
and
card (∆) = 2dimE.
Let v ∈ F be non null. Define
T˜α,v ∈ NL (
mE;F )
by
T˜α,v(x) = Tα(x)v.
Note that {T˜α,v : α ∈ ∆} is LI and
span{T˜α,v : α ∈ ∆} ⊂ NL (
mE;F ) ∪ {0}.
We have shown that NL (mE;F ) is 2dimE-lineable. Suppose now that dimF > 2dimE; in this case
max{2dimE ,dimF} = dimF and we proceed as follows. Choose a basis {vλ : λ ∈ Γ} of F and T ∈
NL (mE;R) ; define
Tλ : E × · · · × E → F
Tλ (x1, ..., xm) = T (x1, ..., xm) vλ.
It is easy to verify that span {Tλ : λ ∈ Γ} is contained in NL (
mE;F )∪{0} and has dimension dimF .

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Recall that a subset A of a vector space V is called maximal lineable in V if A is (dimV )-lineable.
If dimF ≤ 2dimE, then we have
max{2dimE ,dimF} = 2dimE = (dimF )dimE = dimL (mE;F )
and thus we have the following consequence:
Corollary 2.3. If E,F are infinite dimensional Banach spaces, with dimF ≤ 2dimE, then the set
NL (mE;F ) is maximal lineable.
Our main goal is to prove stronger lineability properties of NL (mE;F ). If E is a normed space we
recall that there is a normed space ⊗mpi E (the tensor product with the projective tensor norm) such
that L (mE;F ) is isomorphic to L (⊗mpi E;F ) and preserves continuity. Let us denote this isomorphism
by
Ψ : L (⊗mpi E;F )→ L (
mE;F )
and the restriction of Ψ to L (⊗mpi E;F ), still denoted by Ψ, is an isometric isomorphism
Ψ : L (⊗mpi E;F )→ L (
mE;F ) .
We refer the interested reader to the monograph [10] for details on tensor products of Banach spaces.
Now we prove some simple lemmata to prove our first main theorem.
Lemma 2.4. NL (mE;F ) is (τ, α)-lineable in L (mE;F ) if and only if NL (⊗mpi E;F ) is (τ, α)-lineable
in L (⊗mpi E;F ).
Proof. (⇐) Let W0 be a subspace of L (
mE;F ) contained in NL (mE;F )∪{0} with dimW0 = τ. Thus
W1 := Ψ
−1(W0) ⊂ NL (⊗
m
pi E;F ) ∪ {0} is such that dimW1 = τ . By hypothesis there is a vector
space V with dim (V ) = α, such that
W1 ⊂ V ⊂ NL (⊗
m
pi E;F ) ∪ {0}.
Then
W0 = Ψ(W1) ⊂ Ψ(V ) ⊂ Ψ(NL (⊗
m
pi E;F ) ∪ {0}) = NL (
mE;F ) ∪ {0}.
Since dimΨ(V ) = dimV = α, the proof is done. The converse is similar. 
Lemma 2.5. If dimE = α ≥ ℵ0, then dim (⊗
m
pi E) = α.
Proof. In fact if {bi : i ∈ ∆} is a basis of E, then the set {(bi1 ⊗ bi2 ⊗ · · · ⊗ bim) : i1, .., im ∈ ∆} is a
basis of E ⊗ · · · ⊗ E. So
dim (⊗mpi E) = α
m = α.

Now we state and prove our first main theorem:
Theorem 2.6. Let E be an infinite-dimensional normed space and F be a normed space. Let n ∈ N.
Consider linearly independent linear operators T1, . . . , Tn ∈ NL (E;F ) so that span(T1, . . . , Tn) is
contained in NL (E;F ) ∪ {0}. If ∩ni=1KerTi is non trivial and infinite dimensional (with dimension
γ) then, there exists a subspace S of L(E;F ) such that
span(T1, . . . , Tn) ⊂ S ⊂ NL (E;F ) ∪ {0}
and dimS ≥ max(2γ ,dimF ).
Proof. Let us call K := ∩ni=1KerTi and let δ := max {2
γ ,dimF}. By Corollary 2.2, NL (K;F )
is δ-lineable. Let Sη : K → F be LI with card({Sη : η ∈ Φ}) = δ and span({Sη : η ∈ Φ}) ⊂
NL (K;F ) ∪ {0}. Let B be a normalized Hamel basis of K and complete it to a basis E of E. Define
S˜η(x) =
{
Sη(x) if x ∈ B
0 if x ∈ E − B
Note that the set
{
S˜η : η ∈ Φ
}
is LI and
card
{
S˜η : η ∈ Φ
}
= δ.
Also,
span
{
S˜η : η ∈ Φ
}
⊂ NL (E;F ) ∪ {0}.
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Note also that we can add T1, . . . , Tn to the set
{
S˜η : η ∈ Φ
}
without loosing our properties. First
note that {
T1, . . . , Tn, S˜η : η ∈ Φ
}
is LI. In fact, if
a1T1 + · · · + anTn + b1S˜η1 + · · ·+ bkS˜ηk = 0,
then, in particular, for all x ∈ E − B, we have
a1T1(x) + · · · + anTn(x) = 0
and thus a1T1 + · · · + anTn = 0. Therefore
a1 = · · · = an = 0.
As a consequence,
b1S˜η1 + · · ·+ bkS˜ηk = 0,
and so, restricting to x ∈ K we get
b1Sη1(x) + · · ·+ bkSηk(x) = 0
and the linear independence of Sη implies that
b1 = · · · = bk = 0.
Moreover, span
{
T1, . . . , Tn, S˜η : η ∈ Φ
}
⊂ NL (E;F ) ∪ {0}. Indeed, for any linear combination we
have ∥∥∥∥∥∥a1T1 + · · ·+ anTn +
n∑
j=1
bjS˜ηj
∥∥∥∥∥∥ ≥ supx∈BK
∥∥∥∥∥∥a1T1(x) + · · ·+ anTn(x) +
n∑
j=1
bjS˜ηj (x)
∥∥∥∥∥∥
= sup
x∈BK
∥∥∥∥∥∥
n∑
j=1
bjS˜ηj (x)
∥∥∥∥∥∥
=∞.

Corollary 2.7. Let E be an infinite dimensional normed space and let F be a normed space with
dimE > dimF . For any m ∈ N, the set NL (mE;F ) is (1, 2dimE)-lineable and 2dimE cannot be
replaced with a bigger cardinal number.
Proof. We prove the linear case m = 1. The multilinear case follows then from Lemma 2.4 and Lemma
2.5. Let T ∈ NL (E;F ) be non null. Let λ := dimE and β := dimF . Since
dimKerT + dim ImT = λ,
we have
λ ≤ dimKerT + β.
Since λ > β, we have
dimKerT = λ.
By Theorem 2.6, there is a subspace S of L(E;F ) such that
T ∈ S ⊂ NL (E;F ) ∪ {0}
and dimS = max(2λ, β) = 2λ. Besides, 2dimE is maximal as 2dimE = (cardF )dimE = dimL (mE;F ).

In particular, NL (mE;R) is
(
1, 2dimE
)
-lineable. The next corollary shows that we can go further
in the scalar case.
Corollary 2.8. Let E be an infinite dimensional normed space and let m ∈ N. The set NL (mE;R)
is (n, 2dimE)-lineable for any n ∈ N, and 2dimE cannot be replaced with a bigger cardinal number.
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Proof. Once more, it is enough to prove the case m = 1, as the multilinear case follows from Lemma
2.4 and Lemma 2.5.
Let n ∈ N and let T1, . . . , Tn ∈ NL (E;R) be linearly independent so that span(T1, . . . , Tn) ⊂
NL (E;R) ∪ {0}. Let λ := dimE. By Theorem 2.6 it is sufficient to prove that ∩ni=1KerTi is infinite
dimensional. But this follows from the second isomorphism theorem for vector spaces, that is, the
quotient spaces (KerT1+KerT2)/(KerT2) and (KerT1)/(KerT1∩KerT2) are isomorphic. AsKerT1+
KerT2 = E, KerT2 has co-dimension 1 and dimKerT1 = λ, it follows that dim(KerT1∩KerT2) = λ.
Repeating the argument finitely many times, we get that dim(∩ni=1KerTi) = λ. Theorem 2.6 tells us
that there exists a subspace S of L(E;R) such that
span(T1, . . . , Tn) ⊂ S ⊂ NL (E;R) ∪ {0}
and dimS ≥ 2λ.
Besides, 2dimE is maximal as 2dimE = dimL (mE;R). 
Our second main result (Theorem 2.10) shows that we can also get lineability properties whenever
F has a bigger dimension than E. First we need to prove a lemma for the case of linear operators.
Given an infinite cardinal number τ0, consider
NLτ0 (E;F ) := {T ∈ NL (E;F ) : dim(T (E)) ≤ τ0 < dimF} .
The next lemma shows, under additional hypotheses on E,F , that the set NLτ0 (
mE;F ) is
(
τ, 2dimE
)
-
lineable for all τ < dimF ; this may sound strange because NLτ0 (
mE;F ) ⊂ NL (mE;F ), but it is a
natural phenomenon when dealing with this stronger notion of lineability.
Lemma 2.9. Let E,F be normed spaces with dimE > c and dimF > c and consider an infinite
cardinal number τ0 < dimF . The set NLτ0 (E;F ) is
(
τ, 2dimE
)
-lineable for τ < min{dimE,dimF}.
Proof. Note that the construction of Corollary 2.2 shows that NLτ0 (E;F ) is τ -lineable.
Let λ := dimE and β := dimF . Let {Tζ : ζ ∈ Ω} be LI with
card (Ω) = τ < min{dimE,dimF}
and
span{Tζ : ζ ∈ Ω} ⊂ NLτ0 (E;F ) ∪ {0}.
For all (bj)
∞
j=1 ∈ R
N, we have
card
( ⋃
n∈N
⋃
ζ1,...,ζn∈Ω
⋃
b1,...,bn∈R
Im
(
n∑
j=1
bjTζj
))
≤ τ0 · τ · c
< dimF
= card (F ) .
Consider
(2.2) v ∈ F −
⋃
n∈N
⋃
ζ1,...,ζn∈Ω
⋃
b1,...,bn∈K
Im
(
n∑
j=1
bjTζj
)
.
For each positive integer n, (b1, ..., bn) 6= (0, ..., 0) and ζ1, ..., ζn ∈ Ω, choose normalized vectors
v
(b1...bn)(ζ1,...,ζn)
1 , v
(b1...bn)(ζ1,...,ζn)
2 , ...
such that
lim
i→∞
∥∥∥∥∥
(
n∑
j=1
bjTζj
)
v
(b1...bn)(ζ1,...,ζn)
i
∥∥∥∥∥ =∞.
Let
S = span{v
(b1...bn)(ζ1,...,ζn)
i : i ∈ N and (b1, ..., bn) ∈ R
n \ {(0, ..., 0)} and ζ1, ..., ζn ∈ Ω}.
Note that
dimS ≤ card (Ω) · c < min{dimE,dimF} ≤ dim (E) .
Let
{wi : i ∈ Λ}
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be LI, normalized, such that
(span{wi : i ∈ Λ})⊕ S = E.
Let
V := span{wi : i ∈ Λ}.
Note that {
dim (E) = dimV + dimS
dimS < dimE,
and thus
dimV = dim (E) .
By (the proof of) Corollary 2.2 there is
{uη : V → F : η ∈ Π}
LI, with ⋃
η∈Π
Imuη ⊂ span{v}
and
card (Π) = 2λ
such that
span ({uη : V → F : η ∈ Π}) ⊂ NLτ0 (V ;F ) ∪ {0}.
Let A be a basis of S and define u˜η : E → F by
u˜η(x) =
{
uη(x) if x ∈ V
0, if x ∈ A
.
Note that the set {u˜η : η ∈ Π} is LI and
card {u˜η : η ∈ Π} = 2
λ.
Also,
span {u˜η : η ∈ Π} ⊂ NLτ0 (E;F ) ∪ {0}.
Note also that we can include {Tζ : ζ ∈ Ω} to this vector space without loosing our properties. In
fact, first note that
{Tζ , u˜η : η ∈ Π and ζ ∈ Ω}
is LI. In fact, if
a
(1)
0 T1 + ...+ a
(n)
0 Tn + a1u˜α1 + · · ·+ aku˜αk = 0,
since, for all x ∈ E,
a
(1)
0 T1(x) + ...+ a
(n)
0 Tn(x) ∈ span
{ ⋃
n∈N
⋃
ζ1,...,ζn∈Ω
⋃
b1,...,bn∈K
Im
(
n∑
j=1
bjTζj
)}
and
a1u˜α1(x) + · · ·+ aku˜αk(x) ∈ span{v},
then by (2.2) we have {
a
(1)
0 Tζ1(x) + ...+ a
(n)
0 Tζn(x) = 0
a1u˜α1(x) + · · ·+ aku˜αk(x) = 0
for all x ∈ E. Hence
a
(1)
0 = · · · = a
(n)
0 = a1 = · · · = ak = 0.
Now note that
span {Tζ , u˜η : η ∈ Π and ζ ∈ Ω} ⊂ NLτ0 (E;F ) ∪ {0}.
In fact, a typical element of span {Tζ , u˜η : η ∈ Π and ζ ∈ Ω} is written as one of the following ways:∣∣∣∣∣∣∣
R1 = a
(1)
0 Tζ1 + · · · + a
(n)
0 Tζn + a1u˜α1 + · · ·+ aku˜αk ,
R2 = a1u˜α1 + · · ·+ aku˜αk ,
R3 = a
(1)
0 Tζ1 + · · · + a
(n)
0 Tζn ,
with a
(1)
0 , ..., a
(n)
0 , a1, ..., ak 6= 0.
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For R1 note that for x ∈ A we have
‖R1(x)‖ =
∥∥∥a(1)0 Tζ1(x) + · · ·+ a(n)0 Tζn(x) + a1u˜α1(x) + · · ·+ aku˜αk(x)∥∥∥
=
∥∥∥a(1)0 Tζ1(x) + · · ·+ a(n)0 Tζn(x)∥∥∥
and
sup
06=x∈S
∥∥∥∥R1( x‖x‖
)∥∥∥∥ = sup
06=x∈S
∥∥∥∥a(1)0 Tζ1 ( x‖x‖
)
+ · · ·+ a
(n)
0 Tζn
(
x
‖x‖
)∥∥∥∥ =∞.
For R2 note that
sup
06=x∈V
∥∥∥∥a1u˜α1 ( x‖x‖
)
+ · · ·+ aku˜αk
(
x
‖x‖
)∥∥∥∥ = sup
06=x∈V
∥∥∥∥a1uα1 ( x‖x‖
)
+ · · ·+ akuαk
(
x
‖x‖
)∥∥∥∥ =∞.
For R3 the argument is the same of R1. 
Using the previous lemma we can prove:
Theorem 2.10. Let E,F be normed spaces and
c < dimE < dimF.
The set NL (mE;F ) is
(
γ, 2dimE
)
-lineable for every γ < dimE.
Proof. By Lemma 2.4 we know that the statement is equivalent to prove that NL (⊗mpi E;F ) is(
τ, 2dimE
)
-lineable for every τ < dimE. Since
dim (⊗mpi E) = dimE < dimF,
and since dimT (E) ≤ dimE, using the notation of the previous lemma with τ0 = dim⊗
m
pi E, we have
NL (⊗mpi E;F ) = NLτ0 (⊗
m
pi E;F ) .
So, in this case, the previous lemma tells us that NL (⊗mpi E;F ) is
(
τ, 2dimE
)
-lineable for
τ < min{dim⊗mpi E,dimF}.
Since
min{dim⊗mpi E,dimF} = dimE,
we conclude that NL (⊗mpi E;F ) is
(
τ, 2dimE
)
-lineable for τ < dimE, and the proof is done. 
Remark 2.11. If dimF > 2dimE we can use the second part of the proof of Corollary 2.2 and adapt
the proof of Lemma 2.9 to prove that NLτ0 (E;F ) is (τ,dimF )-lineable; and using this result it is
possible to adapt the proof of the previous theorem to show that NL (mE;F ) is (γ,dimF )-lineable for
every γ < dimE.
3. Lineability & Grothendieck’s inequality
Let K = R or C and E and F be Banach spaces over K. Recall that a continuous linear operator
T : E → F is absolutely summing when (T (xj))
∞
j=1 ∈ ℓ1(F ) whenever
∑
j
|ϕ(xj)| <∞ for all continuous
linear functionals ϕ : E → K. We denote the space of all absolutely summing operators from E to F
by Π1 (E;F ). Grothendieck’s inequality tells us that every continuous linear operator T : ℓ1 → H is
absolutely summing whenever H is an infinite-dimensional Hilbert space. In addition, Lindenstrauss
and Pelczynski [8] proved that if E is an infinite dimensional Banach space with unconditional Schauder
basis and every continuous linear operator T : E → H is absolutely summing, then E = ℓ1. These
results motivated the study whether the set L (E;F ) \Π1 (E;F ) is lineable. In [3] it was proved under
some conditions on E and F related to the existence of unconditional basis, that L (E;F ) \Π1 (E;F )
is ℵ0-lineable, where ℵ0 is the cardinality of N. This result was improved in [6], where the conditions
were weakened. Former results on the lineability of the set of bounded linear and non-absolutely
summing operators in certain situations can be found in [9].
In this section we show that if dimH > dimE then the set of continuous non-absolutely summing
operators from E to H is void or (α, card(Γ))-lineable for all α < card(Γ), where H = ℓ2(Γ). In
particular, we provide a partial answer to Problem 2.3 of [3] (see also [6]): Under what circumstances
is L (E;F ) \ Π1 (E;F ) µ-lineable for µ > ℵ0?
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Lemma 3.1. Let E be an infinite-dimensional Banach space and H be an infinite-dimensional Hilbert
space. If L (E;H) \Π1 (E;H) is non-void, then it is card(Γ)-lineable, where H = ℓ2(Γ).
Proof. We split Γ =
⋃
j∈Γ
Γj as a pairwise disjoint union with card(Γj) = card(Γ) for all j. Since ℓ2 (Γj)
is isometrically isomorphic to ℓ2(Γ), we can find Tj ∈ L(E; ℓ2(Γj))\Π1(E; ℓ2(Γj)). Composing Tj with
the canonical inclusion ℓ2(Γj) →֒ ℓ2(Γ) we obtain an operator (that we still denote by Tj) satisfying
Tj ∈ L(E; ℓ2(Γ)) \ Π1(E; ℓ2(Γ)). Recalling that the sets Γj are pairwise disjoint, a simple calculation
shows that span{Tj : j ∈ Γ} ⊂ L(E; ℓ2(Γ)) \Π1(E; ℓ2(Γ)). 
Proposition 3.2. Let E be an infinite-dimensional Banach space and H = ℓ2(Γ) and card (Γ) > c,
with dimE < card (Γ). If L (E;H) \ Π1 (E;H) is non-void, then it is (α, card(Γ))-lineable for all
α < card(Γ).
Proof. By the previous lemma we know that L (E;H) \ Π1 (E;H) is card(Γ)-lineable. Let V be a
subspace of dimension α such that
V \ {0} ⊂ L (E;H) \ Π1 (E;H) .
Note that the number of coordinates of ℓ2(Γ) occupied by {T (x) : T ∈ V and x ∈ E} is not bigger
than
β := card (E) · ℵ0 · card (V ) < card(Γ).
Let us denote by Λ the set of all such coordinates. We can split
Γ =
( ⋃
j∈Γ
Γj
)⋃
Λ,
with card(Γj) = card(Γ) for all j and we can repeat the arguments of the previous lemma to obtain
a subspace W with dim(W ) = card(Γ) and
V ⊂W ⊂ (L (E;H) \ Π1 (E;H)) ∪ {0}.

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